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We construct an SU{3)l x U{1)n gauge model based on an S2L permutation symmetry for left- 
handed n and r families, which provides the almost maximal atmospheric neutrino mixing and the 
large solar neutrino mixing of the LMA type. Neutrinos acquire one-loop radiative masses induced 
by the radiative mechanism of the Zee type as well as tree level masses induced by the type II seesaw 
mechanism utilizing interactions of lepton triplets with an SC/(3)-sextet scalar. The atmospheric 
neutrino mixing controlled by the tree-level and radiative masses turns out to be almost maximal 
owing to the presence of S2L supplemented by a Z4 discrete symmetry. These symmetries ensure 
the almost equality between the Ve-i^fi and Vb-i't radiative masses dominated by contributions from 
heavy leptons contained in the third members of lepton triplets, whose Yukawa interactions conserve 
S2L even after the spontaneous breaking. The solar neutrino mixing controlled by radiative masses 
including a Uf_i-u-r mass, which are taken to be the similar order, turns out to be described by large 
solar neutrino mixing angles. 

PACS numbers: 12.60.-1, 13.15.+g, 14.60.Pq, 14.60.St 



Recent observations of atmospheric and solar neutrino oscillations have provided the clear evidence that neutrinos 
are massive particles ^, ^. These oscillations are characterized by the squared mass differences for atmospheric 
neutrinos, Ato^^^ '--^ 3 x 10"'^ eV^, with the mixing angle of siv? 29atm ~ 1 [Q and for solar neutrinos, Attiq ~ 
10"^ - 10-4 eV^, for the LMA solution with sin^ 26*0 - 0.75 and, Am| - 10"^ eV^, for the LOW solution with 
sin^ 26q ~ 0.92 ^, where the LMA solution is currently considered as the most favorable solution. The existence 
of these massive neutrinos and their oscillations requires some new interactions beyond the conventional interactions 
in the standard model Furthermore, the data indicate a mass hierarchy of Arr^^ ^ Arrig as well as the large 
mixing angles, suggesting that the neutrino mass matrix has bimaximal structure M, pj. 

There are two main theoretical mechanisms to generate tiny neutrino masses: one is the seesaw mechanism ^] 
and the other is the radiative mechanism ^ . It has been pointed out that the radiative mechanism of the Zee 
type 1 11 may fail to explain the favorable LMA solution [|l^. In the Zee model, a Higgs scalar 0' as a duplicate of 
the standard Higgs scalar (j> and a singly charged S'[/(2)L-singlet scalar /i+ have been introduced into the standard 
model to generate tiny neutrino masses by one-loop radiative corrections. The neutrino mass matrix in the Zee model 
has the following form: 



id 

j^rad ^ I ^rad q ^rad | ^ 
^rad ^rad q 

where b^"-'^, d'"-'^ and e'""'' stand for radiatively induced neutrino masses. There is an obvious relation among the 
neutrino masses denoted by mi_2,3, dictating mi -I- + = 0, from which the mixing angle for solar neutrinos is 
constrained to sin^ 29q ~ 1.0 ll3]. However, recent observations show that the best-fit value of the mixing angle for 
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the LMA solution is sin^ 200 ~ 0.8. Thus, the original Zee model is not capable of explaining neutrino oscillations 
compatible with the LMA solution. 

To implement the radiative mechanism of the Zee type, we have advocated to use a triplet Higgs scalar in SU (3)l x 
U{1)n gauge models The Zee scalar is identified with the third member of an S'[/(3)L-triplet Higgs scalar 
and can be unified into a triplet 77 with the standard Higgs doublet Namely, an S't/(3)L-triplet [ff ,rj~ ,rj'^) 

can be interpreted as {cfP , (f>^ , h^) . Therefore, the existence of Zee scalar is naturally understood. Furthermore, 
the SU{3)l X U{1)n gauge models are known to exhibit the attractive properties that these models predict three 
families of quarks and leptons from the anomaly free conditions on SU{3)l x U{1)n and the asymptotic freedom of 
SU{3)c- The anomalies are cancelled by the six triplets and six antitriplets, which are appropriately supplied by three 
families of leptons and three families of three colors of quarks. It is remarkable that this cancellation mechanism only 
works in the multiple of three families. With this plausible properties, radiative mechanisms to generate tiny masses 
of neutrinos and their oscillations have been extensively studied in SU{3)l x U{1)n gauge models However, 
the possibility of explaining the observed properties of solar neutrino oscillations with sin^ 200 ~ 0.8 has not been 
emphasized yet. 

In this paper, we consider a radiative mechanism of the Zee type in the SU{3)l x U{1)n framework to explain 
observed properties of neutrino oscillations consistent with the LMA solution of sin^ 200 ~ 0.8. To accommodate the 
LMA solution to the radiative mechanism of the Zee type, we have to add some ingredients to the model in order to 
avoid the constraint of nii + 7712 + = 0. For example, we can obtain the desirable LMA solution (1) if we allow the 
duplicate Higgs scalar 0', which is constrained to couple to no leptons in the original Zee model, to couple to leptons 
i pTt , (2) if we implement an S2 permutation symmetry for the fj. and r families with a triplet Higgs scalar (3) if 
we import a sterile neutrino into the model p9| | , and (4) if we make use of (anti) sleptons in supersymmetric gauge 
models |2^. In this paper, we examine the phenomena of neutrino oscillations based on the case (2). We show that 

1. The almost maximal atmospheric neutrino mixing is ensured by the presence of an S2L permutation symmetry 
for the left-handed states in the fi and r families supplemented by a Z4 discrete symmetry. Especially, in order 
to explain the maximal mixing, we do not need fine-tuning of couplings of leptons to the Zee scalar /i"*", 
which is now contained in the third member of a triplet Higgs scalar. Instead, heavy leptons take care of the 
relevant couplings, which dynamically assure the appearance of the maximal mixing. 

2. The large solar neutrino mixing characterized by sin^ 200 ~ 0.8 is realized to occur if the magnitudes of 
radiatively induced neutrino masses are kept to be the same order. 

In the next section, we present a possible texture of the neutrino mass matrix with S2L and Z4 symmetries to lead 
the observed properties of the neutrino mixings and discuss which elements affect the patterns of these mixings. In 
we construct an SU{3)l x U(1)n gauge model to accommodate the observed atmospheric and solar neutrino 



oscillations. How to generate the neutrino masses and mixings in our model are discussed in Sec.IIL The results of 



our detailed analysis are discussed in Sec.LV. The final section is devoted to summary. 



I. TEXTURE OF THE NEUTRINO MASS MATRIX AND S2L PERMUTATION SYMMETRY 

In this section, we discuss the usefulness of the S2L permutation symmetry for n and r families. Following the 
expressions used in Ref . [p^ , we parameterize the neutrino mass matrix, M^, for sin0i3 — with sin0i3 being the 
mixing angle between j/g and i^t, to be: 

c(== -crb) 

M,^ \ b d e I , (2) 




fi=d+{a-'-a)e) 

where a = tan 023 with 023 being the mixing angle between i/^ and i^r- Similar textures of the neutrino mass matrix 



have also been studied in literatures |22, E3l M. This mass matrix can be diagonalized by Umns defined by 



(cos 012 sin 012 \ 

-cos 023 sin 012 cos 023 cos 012 siu 023 , (3) 
sin 023 sin 012 - sin023 cos0i2 cos 023 J 

where 0i2 = 00 and 023 = 0atmj which transforms \vmass) as the mass eigenstate with (7711,7712,7713) into {fweak) as 
the weak eigenstate by {vweak) = UMNs\i^mass)- The neutrino masses and mixing angles can be parameterized to be: 
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with 




From Eq.(|4[) and Eq.(^), wc find that the condition to obtain the large mixing angle as the LMA solution such as 
sin^ 20Q ~ 0.8 is = or equivalently 



{a-d + ae)^ =0{b^ +c^). (6) 

There are various solutions to Eq.(||). We adopt the solution saturated by radiative neutrino masses of the same 
order. Since both sides must be the same order, the relation of Eq.(|^) requires the cancellation of tree- level neutrino 
masses if exist. 

We divide the neutrino mass matrix into two parts: (1) a tree level mass matrix Ml^'^'^ and (2) a radiatively induced 
mass matrix MJ'."-'^ as follows: 




Q^o,d ^rad ^rad 

ftree ( Jtree —^tree \ A/f^o,^ | irad ^rad ^rad 



M^™'^ = I d*"'^" ad*"-"^ I , M™" = ( b'''"^ d''"'^ e™'' | , (7) 

jrad 



^rad ^rad 



where the superscripts, "tree" and "rad" , denote the tree-level and radiative masses, respectively. The form of M^f^'^ 
is to be ensured by introducing the S2L permutation symmetry for left-handed states in the fj, and r families. An 
additional Z4 discrete symmetry will pick up the solution with either (7 = lor(T = — 1. The form of Ml^'^'^ with 
a = ±1 leads to the cancellation of the tree-level masses in a — d + ae and Eq.@ required for sin^ 29q ~ 0.8 is 
transformed to 



^^rad _ ^rad _^ ^^rady ^ C'((fo™'i)2 + (c™'')2). (8) 

If the magnitude of these neutrino masses is kept almost the same to satisfy Eq. , we obtain the significant deviation 
of sin^ 26q from unity. More precisely, at least one of e — e and n — t sectors provides the same order of magnitude 
as the e — iJ, and e — t masses. 

So far, these arguments are entirely based on the relation of / = d+ {cr^^ — (j)e in Eq.(H). However, since radiatively 
generated masses may also randomly contribute in d, e and /, these contributions jeopardize the relation. The effects 
from the radiative masses cause sin 613 ^ 0, leading to Ues ^ 0, and can be estimated by the conventional perturbative 
treatment because these effects are much smaller than those from the tree level masses. Denoting the deviation by 
e = f ~ [d + {<J~^ — cr)e], we parameterize M^, as: 



fab ^ab \ /000\ 

AU^ \ b d e + 000 

y -ab e d+ (cr-i - cr)e y y e / 



(9) 
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We find that the lepton mixing angles of 612 and 623 are modified into 6^2" = 612 + £,12 and 62^" 



_ S23C12S12 _ 

?12 — e, t,23 — C23S23 

1712 — mi 



and 



'12 



ms — TOi 



'12 



m-3 — '712 



023 + C23, where 
(10) 



Ue3 = C23S23C12S12 



m3 — m2 7713 — mi 



e ^ C23S23C12S12- 



7712 — mi e 
m3 m3 ' 



(11) 



where ms 3> mi, 2 is applied. Furthermore, since we are anticipating that m2 ± mi ~ (5m™ representing radiatively 



generated neutrino masses, we roughly obtain m2 — mi ~ y Amg and similarly m3 ^ y^m^^^. Eg. ([Til) can be 
reduced to 



\U, 



e3\ 



Ami. 



a few X 



1 eV 



(12) 



where we have used C12 ~ S12 ~ C23 ^ S23 ^ 1. Experimentally, the CHOOZ and PALOVERDE data imply that Ue3 
is close to zero, e.g., |J7e3p < 0.015 — 0.05 pS, which should be satisfied by Eq.(pT 



II. MODEL 



We choose the SU{3)l x U{1)n gauge model employed in Ref.| 
assigned to be: 



as the reference model, where the leptons are 



{,y\i\>,%:{3,0), r/'^:(l,-l), «:r'+:(l,l) 



(13) 



Here, the index of i=(e,/i,T) denotes the three families and for j — (e,— ,+) are the mass eigenstates of the 
positively charged heavy leptons. The superscripts, ±, of Kf; correspond to the t ± 11 states of kl as the chiral 
partners to be defined by their Yukawa interactions. Higgs scalars are assigned to be: 



= (ry°,ry-,ry+)^ : (3,0), p = {p+ , , p++f : (3, 1) , x = {x-,X-,xY : (3,-1). 



(14) 



The quantum numbers are specified in parentheses by {SU{3)l,U{1)n)- Let N/2 be the U{l)]s[ number, then the 
hypercharge Y and the electric charge Q are given by F = — \/3A^ + N and Q = {X^ +Y)/2 respectively, where A° 
are the Gell-Mann matrices with Tr(A''A^) = 26"'''{a, b = 1, 2, 8). The Higgs scalars develop the following vacuum 
expectation values (VEV's): 



|r,|0) = («^,0,0)^, (0|HO) = (0,i;p,0)^, 



|X|0) = (0,0,«;,)^, 



(15) 



where the orthogonal choice of these VEV's will be guaranteed by the ijpx type Higgs interactions introduced in 

Now, we extend the reference model to our present SU{3)l x U{1)n model in order to accommodate the maximal 
atmospheric and large solar neutrino mixings. We introduce an S2L permutation symmetry for left-handed states 
in the p, and r families used together with an additional discrete symmetry. The quantum numbers of S2L and 
Z4 as well as the lepton (L) and the electron (Le) numbers are listed in Table | for all participating particles in our 
discussions, where ip^ = {ipj^ ± iPl)/^^- To generate the tree level neutrino masses, we introduce an S'2L-symmetric 
anti-sextet scalar, s, defined by 
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Then, the 5*2- and Z4-conserved interaction of 



ff^('AZa)^^"''^Z/5. (17) 

accounts for the form of M*'"'^'^ with cr = — 1, where a,/3 and 7 denote the SU{3)l indices. We also introduce 
5'2L-antisymmetric scalars 

rj' = iv'",v'-,v'^f : (3,0), p' = {p'+ , , p'++f : (3,1) (18) 

with VEV's of 

(0|?7'|0) = (v,0,0)^, (0|p'|0) = (0,v,0)^. (19) 

These VEV's are also determined by the appropriate Higgs interactions. The scalar 77' allows us to realize the 
radiatively induced v^j^-Vt masses by the interaction of 



f,re-^''{^to)%rL,, (20) 

and the scalar p' allows us to realize the mass hierarchy of <^ rrir as we show later. 

It should be noted that all of these interactions respect the Lg conservation. Furthermore, it is not spoiled by the 
spontaneous breaking due to VEV's of Higgs scalars as can be seen from Table ||. This conservation is, of course, 
broken by the presence of the i^g-^'/^ and I'e-J^r masses, which are radiatively induced by the interactions of 



As a result, is conserved in all 5*2- and Z4-invariant Yukawa interactions except fee{4'L)'^T^L^ which can be read off 
from Table |l|, where the S2L, Z4, L and L^, numbers of the possible Yukawa interactions are listed. This Lg-violating 
interaction can be much suppressed because the limit of f^e — > enhances the symmetry of the theory through the 
restoration of . Another useful symmetry based on L'{= 2Le — L = Le — Lfj^ — Lr) |^ , respected by all Yukawa 

interactions including [ijj'j^Yri^jff, is to be spontaneously broken. But, it is explicitly broken by Higgs interactions such 



as r]srj in Eg. (|23|) (see Table HI). So, there is no harmful Nambu-Goldstone boson. In the present discussions, we do 
not resort to this L' symmetry because the L^- and S'2L-conservations supersede the L'-conservation. 
The Yukawa interactions for leptons are now caused by Cy '■ 



+ fe'iplpeR + tptpifi^PR. + fr-TR) + p' {gJ'j^R + Qr Tr) 

+rMx>^'R + fMx^^l + gt^LX^^R + (/i-c), (22) 

where /'s and (7's denote the Yukawa couplings. The Higgs interactions are given by Hermitian terms composed of 
4'a4'i3 (0 = Vi Pi p' 1 Xi *) a-iid by non-Hermitian terms in 

V = piTjsr] + P2V'W 

+ Aie"^^r;„p^X7 + M^.p-^ivsT P^^'x^^ + Xsiv^ p'){r/h) + Hvh){v'^ p') + {h.c), (23) 
where /i's and A's denote a mass scale and coupling constants, respectively. We note that 

• the 77577 and rj' srj' terms are the source of the type II seesaw mechanism [ p^ , which calls for the mass of s much 
greater than v^eak, the weak scale of 0(100) GeV, 



• The s^-term of Eq.(^6|) would induce the dangerous mass- mixings between charged leptons and heavy leptons 
if (0|s°|0) ^ 0. This VEV will be dynamically generated if the potential includes terms such as {ps)p^ri'^ 
and (xs)x^^^ effectively corresponding to tadpole interactions of s° once VEV's of 77, p and x are generated. 
However, our dynamics regulated by the present potential allows us to set this VEV to vanish. So, there are no 
such dangerous mixings. 
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• the rjpx term ensures the orthogonal choice of VEV's of ?/. p and X; 

• the |?7^?7'p- and |pjp'p-type Higgs interactions present in the Hermitian terms can induce the correct vacuum 
ahgnment of Eq.([l9|) if their coefhcients are taken to be negative. 

These Higgs interactions are invariant under S2L with Z4 as well as Lg and other interactions are forbidden by these 



conservations as shown in Table III. Especially, the absence of •qrjs'^s'^ is important. This term could yield a divergent 
mass term of v^-^e at the two-loop level as shown in FIG.|l|; therefore, the tree level mass term is required as a counter 
term at the (1, 1) entry in the M^^'^^ to cancel the divergent. However, this counter term spoils the realization of the 
texture of Ml^^'^ . The requirements from S2L and ensure the internal consistency between the assumed form of 
M*'''^^ and the absence of this radiative graph. 

In the present article, we do not discuss phenomenology due to the existence of heavy leptons and extra gauge bosons 
as well as heavy exotic quarks |2^. Since the standard model well describes the current physics, their contributions 
should be suppressed. Their masses are controlled by the VEV of x, which is taken to be 0(1) TeV for the later 
analyses so that these additional contributions are sufficiently suppressed. 

Before discussing how to describe atmospheric and solar neutrino oscillations in our model, we examine the form 



of mass matrices of the heavy leptons and charged leptons given by Eq. (^2|) . The heavy lepton mass matrix is simply 
given by the diagonal masses computed to be = f^v^, m~ = g^v^ and = fi^v^. On the other hand, the 
charged lepton mass matrix has the following non-diagonal form: 

/ mf \ 

M, = mj^ , (24) 

y m7 'n^Y I 

where 



'^T — feVp, 

1 - 1 



w7 = -^(/p^^P +3m V)' ^{f+Vp+ g-Vp,). (25) 

The diagonal masses are obtained after the transformation of Mi as Af*°^ = diag.{me,mfj,,mr) — UjMiVi, where 
unitary matrices Ui and Vi are given by 

1 

C0 S(3 \ (26) 



with Cq, = cos a, etc., defined by 





(I 






Cq 












+ {^7? 


- ml 


ml - ml 


{mYY 


+ {mYY 


-ml 



-Si3 Cj3 



P 

The diagonal masses are computed to be: 



-{mYY - 


{mYY + ml 


ml 


- ml 


-{mYY - 


{mYY + ml 


ml 


-ml 



C0 ^ \ ' , 2 ' 2 ' \' ^ - (27) 



ml = {mT)\ 

ml ^ \ [{mYf + {mYY + {mYf + {mYY~M^], 

ml = \ [{mYY + {mYf + {m7Y + {mY? + M^] , (28) 



where 

M4 = [{mYf-{mYYY+[{mYf^{mYf] 



+2{mYmY + mYmYr + 2{mYm7 + mYmYY- (29) 
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There are the foUowing relations for non-diagonal and diagonal charged lepton masses: 



[{cpSpC'^ - CaSaS^)mr - {CaSaC^ - C/jS/jS"^)?/!^] , (30) 



where and S'^ are defined by 



^2^cl+4^ 52^!fiZZ^. (31) 

We use the hierarchical conditions of |sq,|, |s^| ^ 1 to realize the hierarchical mass pattern of m^, <C m,-, namely, 
m^'^ ^ mj'^ . This hierarchy in turn requires that 

/I/t^I I.9,7l/l3r I ~ »7i,./"^r, f^Vp g-pVp', f+Vp^g^Vp'. (32) 

We consider that the fine-tuning of the charged lepton masses of Eq. (|3^) is the same level of the fine-tuning in the 
standard model. To explain their hierarchical structure needs some other mechanisms, which we do not consider in 
this paper. We only consider the permutation symmetry as a new symmetry behind neutrino oscillations once the 
charged lepton masses are consistently reproduced. 

It should be noted that our model induces dangerous flavor-changing interactions such as t — > ^7, /iee mediated 
by 77. In addition, the existence of p and p' also induces these flavor-changing interactions because the charged leptons 
can simultaneously couple to two Higgs scalars, p and p' [ |30| |. Since the approximate Le conservation is satisfled by our 
interactions, all ig-changing flavor interactions such as /i — > 67 including those mediated by rj can be well-suppressed. 
The p- and p'-interactions are also found to be suppressed down to the phenomenologically acceptable level. The 
branching ratios of these processes are taken from Ref. : 

• Bir ^7) = r(T M7)/r(r -> all) < 1.1 x 10"^ 

• B{t ppp) = r(r -f ppp)/T{t all) < 1.9 x 10^^, 

• B{t pee) = r(T pee)/r{T -> all) < 1.7 x 10"^ 

where T{t all) (< 2.3 x 10~^^ [GeV]) denotes the total decay width and r(r p-f), T{t ppp) and r(r ^ pee) 
denote the decay widths of r — s- pj, t —t ppp and t — > pee processes, respectively. These decay widths are calculated 
to be, in the a limit. 



T(t -> p-y) 
r(r ^ ppp) 



9627r4m^ 4 

11 ml (/+)^ + (g;)^ 

4 8 1927r3m4 4 



V( ^ 1 1 ml (/+/e)^ 

= 4 8 192^^^' 



p 

where aem is the fine-tuning constant and rfip is the averaged mass for p and p' . By using Eq.(|2^) and Eq.(^3|) to 
relate the couplings to the charged lepton masses, we obtain the following constraints on the processes of r ^ ^7, 
T — > ppp and T — > /iee, respectively: 

m^, (to J + TO^, ) 11/1 

" , < 1.74 X 10-" [GeV-^l, (34) 



:^m^i;; 



4 

TTl 

^ < 4.70 X 10-14 [GeV-4] 



8to>4 

< 4.20 X 10-14 [GeV-4], 
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where we have used Vp = v'^ for simpHcity. We, then, find that 

1. for the T fi"/ process mediated by p, p' , nipVp > 2.04 x 10^ [GeV^] from B{t — > ^ij) < 1.1 x 10~^, 

2. for the t — > ppp process mediated by p, p', rfipVp > 1.28 x 10^ [GeV^] from B{t fJ-l-i-P-) < 1-9 x 10^®, 

3. for the r pee process mediated by p, iripVp > 7.69 [GeV^] from B{t pee) < 1.7 x 10^^. 

Since we are anticipating that ?np,p' ~ fp,p' ^ v^eak is natural because p and p' are related to the weak boson masses, 
thus these flavor-changing interactions are sufficiently suppressed. 

The other interactions mediated by 77' cause extra contributions on t~ — » /x~F^i/t-, which is well described by the 
weak-boson-exchanges, and other flavor-changing modes induced by effects of sin a ^ as well as sin/? ^ 0. These 
contributions may not be suppressed in practice; however, they become tiny because the coupling of 77' to leptons is 
taken to be the same order of that of in the later discussions. 



III. NEUTRINO MASSES AND OSCILLATIONS 



Now, we are at the stage to estimating the neutrino masses and mixings in our model. The neutrino mass matrix 
is given by 



My = Ml''^" + M™'' (35) 
where M^f'^'^ for the tree level mass matrix and M™'' for the radiative mass matrix are parameterized by 



/ \ / Sml'' Sml'' Sm^J \ 

Ml"'"" == 1 -1 mf"", M™'' = Sm'^f 8m>'^>' Jm^;^ . (36) 
\ -1 1 / \ bm<iJ- Smi^J bm7J J 



The tree-level mass is calculated to be m'jj'^'^ = gfvg, which is supplied by the interaction of gfi^ip^YstpL via the 
type II seesaw mechanism using the rjsrj and rj'sT]' as already mentioned. The smallness of the tree level neutrino 
masses is explained by the smallness of the Vg, which is estimated to be Vs ~ {fJ-iV^ + f^2v'^') /(2m^), leading to 
Ve <C Vri,ri' ~ Vweak for pi^2 ~ TUs S> Vri^rj' ■ The radiativcly generated masses of Smi^^s are calculated below. To do so, 
we further divide M™'^ into two parts: 

M™'* = m5^ + M,^, (37) 

where and correspond to the charged lepton mediated one-loop diagrams (FIG.^ and the heavy lepton 
mediated one-loop diagrams (FIG.^), respectively. There are other possible loop diagrams of FIG.^; however, the 
contributions from these diagrams are well suppressed by the large mass Vweak) arising from the propagator of s. 
Since our charged lepton mass matrix is transformed into M^*°^ = diag.{me,mp,mr) = UjMgVg, the neutrino mass 
matrix, M^, is also transformed into a matrix spanned by the weak base, M^^""^, defined by 



j^jweak ^ jjtMyUe = {JVC'"')'"^'''' + {M^Y""^ + {M^Y^"^ (38) 



with (Af^)'"eQfc ^ uIm^Ui, where a stands for tree, C and H. 
The mass matrix (^Mti'ee^weak gjjj^piy given by: 



/O \ 

{M'jn^'^-'' ^ I (c^+s^f -cl + sl \Tn'r^. (39) 
V -4 + 4 (c„ _ s^f I 

At a first glance, this deviation due to sin a 7^ may yield Ue^ through e ^ as in Eq.(pl|), which is given by 
(-—{ca — ~ [(cq + SaY + (^^^ ^ '^)i^^a + Howcver, onc observes that e=0 for any values of sin a by the 

use of a to be obtained in Eq.(|5^) from heavy lepton contributions, which will be found to much dominate over the 
corresponding charged lepton contributions. We safely state that the tree level contributions to Ues are negligible. 
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The mass matrix {M^)^ induced by the charged lepton exchanges is expressed as 

/ Sm'^"^ im'^^'i' Sm'^''-' \ ( 260^" SC^t" + SC^^" SC^'' + SC^" \ 
(-^^c^toeafc ^ ^^ceM ^^^^^ 6m^^'^ = SC^'' + SCj^^ 25C^^'' SC[^^ + SC^f^ , (40) 

where SC^ = e, /i, r) denotes the radiatively induced neutrino masses corresponding to FIG.^: 

SCl^ = ([/]f,C/,Mf "^y;g,F,C/,)'' , (41) 



which can be calculated as 



A4/e^/2 A4/er/2 



1 



fi = XsUr , g£ = -= -g- -g- , (42) 



-Xifer/2 -XsUr 



V2 



F{ml,ml,ml) 

Fe^v^v^l F(m2,m2,m2) \ = v^n^^ [ F^^ \ (43) 

F{ml,ml,ml) 



V2fe 

















-.9r 


) 



















/Fl 
























V 








with 



1 

F[x,y,z) 



; In X ^ 2/ In 2/ ^ z In ; 



IBtt^ [ (a; — ?/)(x — z) (y — a;)(?/ — z) (z — y)(z — x) 
After some calculations, we obtain: 



SC^'' = 
1 
2 



^C^T = o^i^v'^X [m-fj.{Cafefj. - SafeT)i-gfj_ CaCpF^ + g^ SaCpFJ - g^ CaSpF^ + SaSpFl) 



+mr{Safepi + Cafer){-gfj. CaSpF^ + g^ SaSpF^ + C^CpF^ - g^ SaCfjFJ)] , 
1 

2' 

+mriSafef^ + Ca J eT){~ g'^ S^S pF^ - 5^CaS/3^7 - g^SaCpF^ - g^^CaCpFJ)] , 
1 



(^C*^^ = o A4W^i;x [^^(cQ/eM - Sa/eT)(-.g^ SaCfjFj^ - 5^ CaCfjFl - g^ SaSpF^ - g^ CaSpFJ) 



1 

72' 
1 

V2' 
1 



'^^^^^ = —^sffj^rVrjV^mri-g^ CaSpFj^ + g^ SaSfiFJ + g^ CaCpFj/- - g^ SaCfjFl), 

SCj^^ = —Xsf^rVriVx'mri-g'aSaSpFlf ~ g^CaSf^Fl - g^SaCfsF^' - g:;caCpF^), 



SCI'' = --y=XifeVrjV^me{~Safeti- CafeT)Fl, 

5Cl^ = --^>^3f,iTm^{-g'^CaC0Fl^ + g^SaCf}F[ - g^CaSpFjf" + g^s^spFj), 
5Cl^ = ~—^X3ff,rV,jV^mf,{-g^SaCpFlf- - g^c^cpFj ~ g'^SaSpF^ - g:^CaSpFl). 



(44) 



(45) 



For the heavy lepton contributions, we take into account the rotation from the mass eigenstates \ip'' , , ip'^) 
(appearing in the calculations) to the flavor eigenstates {^'^jip'^T'ip'^} (appearing in the neutrino mass matrix) by 
introducing S as \iIj'' , , = S\tp'',tfj^,tfj'^). The mass matrix of (M^f^)""^"'^ is, then, computed to be: 
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(^m^^^^ 5m^''^' (Sm^^^ \ / 25Hf,'' SH'^f + SH^^" SH^;^ + SHI" 
^j^^^H-^weak ^ I Sm^"'' Sm^'^'' Sm^t'^ ^ SH^^t" + SHjf" 26Hl^i' SHj^^ + SH^t" 

Sm"''^ Sm!!"^ 6m"^^ / \ + sh;/ sh'^-' + sh;/ 2SH;/ 



(46) 



where SHl^ = e,/i,T) denotes the radiatively induced neutrino masses correspondmg to FIG.^, which can be 
calculated as 



where 



(ujS^iiM^" 



(47) 



\3fee/2 

= I -X4Ur 





.9+ 
/+ 



(48) 



F{{mlf,ml,ml) 

F{{m-f,mlml) 











F((m+)2,m2,m2) 




(49) 



After some calculations, we obtain: 



TO^ 

m- 
m+ 




(50) 



= 0, 



1 

1 



(Ca - Sa)X3feeV,jVpf+m+F+ 



(Ca + Sa)X3feeV,jVpf+m+F+ 



'V2 



(Ca - Sa)\3fetVrjVpflmlF^, 



(Ca - sl)\J^rV,,Vp{f+mlF+ ~ g+m^ F^ ), 
Kft.rVr,Vp [(c„ + So)^f+m+F+ + (c„ - s^fg+m-F- 



'V2 



)X3feiVrjVpf^mlF^, 



-Xif^rVr^Vp [-(ca - Saff+m+F+ - (ca + So,fg+m^ F^ ] , 



(51) 



There are two contributions from [M];')'^ and (M^)""^" to radiatively induced neutrino masses. For l'e-l^^l 
and Ve-Vr contributions, the contributions from {M^)"^^""^ are found to be always much smaller than those from 
[M^)'^'^"-^ . In this case, there is a relation of 



1 + tan a 
1 — tan a 



(52) 



calculated from Eq.dSll), leading to 
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2 

sin'20,t^^4 (53) 

(1 + (T^)^ 



To see how neutrino masses and mixings arise, we discuss the simplest case with sin a = 0, where the charged- 
lepton contributions are neglected. The full estimation including the case of sin a 7^ is to be preformed by numerical 
calculations, where the charged-lepton contributions are properly taken into account. The neutrino mass matrix turns 
out to be: 



/ H-^ H-J \ 

j^jweak ^ jjet, ^tree ^ -m^"^^^ , (54) 

where Hj^'^ is absent because of ff^"^ = + SHJ^^ = for sin a = 0, and 

^e, ^ H^ = ^^^^[(m+)2^^((™+)^m^,m^)-(<)2^^((m::)^m^,m^)], 

Hr - -K^ = MfiMP [imtrF{imtf,mlml) - (m-)^^^((m-)^ m^, m^)] , (55) 

where rn'^=f^x ^^'^ "^k^/kX used to eliminate /^'s. These structures are simply explained by the form of 
effective operators. The equation of i/^^ = H^'^ is due to the appearance of giving rise to z/^zy^ + ^,,1'^ while 

that of Hlj"^ = —Hl'^ is due to the appearance of V'l^l giving rise to v^Vt — i/^f^. This direct correspondence of 
the signs of the mass terms is partially owing to the 52L-conserved heavy lepton interactions with x even after the 
spontaneous breaking. Then, our mass matrix of Eq.(^ has the following mass parameters: 



a = 0, b = H^^\ c = H^/, (1 = 111*;"'' + Hl^^", 

e = -mr^ / = mr^-i7r- (56) 



From these mass parameters, we find that our model naturally derives the maximal atmospheric neutrino mixing 
because a = —c/b = —1. We mention that, in the original Zee model, the fine-tuning of lepton number violating 
couplings, which is characterized by "inverse hierarchy" in the couplings such as fer'Tn^ ^ fefj.'mfi |pl| is necessary to 
yield bimaximal mixing structure. However, in our SU{3)l x U{1)n case, the bimaximal structure is caused by the 
dominance of the heavy lepton contributions. Also, we find that our model is capable of explaining the large solar 
neutrino mixing with sin^ 26*0 ~ 0.8 because i/^^ = 0{H'^^) is a reasonable expectation for f^^ ^ ffj,T, A3 ~ A4 and 
toJ: ~ m~. We then observe that, in the case of sin a = 0, 

1. The appearance of the maximal atmospheric neutrino mixing is ensured by the contributions characterized by 
H^f^ = H^'^ . It is mainly because the heavy lepton interactions with x respects S2L even after the spontaneous 
breaking, which ensures i?^^ = Hf^ giving Smf^'^^ = Sm^'^'^ by /i r as noted. 

2. The deviation from the maximal solar neutrino mixing is due to the contributions characterized by Hjj^ H^^, 
which roughly suggests that m~ ~ mj^. 

The (suppressed) charged lepton contributions of Eq.(^) give, for sin a = together with sin (3 = 0, the relevant 
radiative masses of i5m^'^^'^'^ to be: 

5m'i:"^= 6C"^ + SC^") « -^XiferfUVriV^mrFl. (57) 

Because ~ F[ for to^ ~ to^ > ''^T'l.fi.TJ we observe from Eq.(|2|) that \S'm^'^'^ /Sm'^'^'^l « Is^/ff^ I ^ m^^^/mr- This 
relation disfavors the maximal atmospheric mixing. In order to estimate the effects of sin a 7^ 0, we next perform 
numerical estimation including these charged lepton contributions. 
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IV. ESTIMATION OF NEUTRINO MASSES 



In this section, to see whether our model can really reproduce the (nearly) maximal atmospheric neutrino mixing 
of sin^ 26'atm ~ 1-0 and the LMA solution with sin^ 200 ~ 0.8, we now perform the numerical calculations for 
sin a = 0.0,0.1,0.2. We take the following assumptions on the magnitudes of various parameters: 

1. Since w,,,,,/ and Vp^pr are related to weak boson masses proportional to v'^^^f. = J2aU ^'niggsi P^^ ''^v ~ '^v' ~ 

Vweak/20, Vp = Vp' = t;^,eQfc /\/2 whcrC Vyjeak = (2^26*;-)^^/^ = 174 GeV. 

2. is a source of masses for the heavy leptons, exotic quarks and exotic gauge bosons. Also x is the key field for 
the symmetry breaking of SU{3) ^ x [/(l)jv SU {2)^x11 (l)y , leading to ^ fujeafe and we put = lOvi^eak- 

3. The masses of the triplet Higgs scalars rj, 77', p, p' are set to be rrirj = rriri' — mp — rripi = Vweak and the mass of 
X is set to be = v^. 

4. The mass of heavy lepton, k'^, is taken to be mj: = 2 TeV and the masses of are varied within the range of 
1.0 TeV < m± < 10.0 TeV. 

5. In order to realize the observed value of Ato^j,„ = 3.0 x 10~^eV^ by the type II seesaw mechanism, we take 
TUs = 4.6 X lO^Vj^eak with (7+ = e in Eq.(|2^) and Hi = fJ.2 = in Eq.(p3|), where e stands for the electromagnetic 
coupling. 

6. The couplings fij{i,j = e,i.i,T) and A3. 4 are taken to favor the large solar neutrino mixing angle, where fee — 
1.0 X 10~^ and /^r = fee/ 2 together with A3 = A4(= 0.3) to focus m~ ^ m%. The smallness of the Yukawa 
couplings fei is taken to be "natural" because the limit of fee enhances the symmetry of the theory, Le 
symmetry, as mentioned above. 

It may be helpful to list these parameter values, which are summarized in TABLE We note again that 

• Vri,n' ,p,p' are so chosen to reproduce weak boson masses, 

• is so chosen to give larger masses of at least 1 TeV to exotic particles, 

• the masses of 77, 77', p, p', x are so chosen near these VEV's, 

• the tiny value of fee enjoys the t'Hooft's "naturalness". 

These values are selected by the considerations within the SU{3)l x U{1)n framework. On the other hand, the 
remaining parameters are taken to accommodate the current neutrino observation data, e.g., 

• the mass of the sextet scalar s and the related couplings gf , ^ii^2 are so chosen to reproduce Aml^^^ via the type 
II seesaw mechanism, 

• fel,iiT and A3_4 are so chosen to satisfy Xzfeel^ = X^ff^T (to enhance ■m~ ^ ttiJ:) for the large solar neutrino 
mixing as in Eq.(55). 

After taking these values, we have rn%'^ as the free parameters. For the present analysis, we show various results 
with 7Ti^=2 TeV because the essence of our analysis is not altered for other similar values of 777,^. Now, our aim in 
this section is to give the numerical demonstration that our model with these parameters can really reproduce the 
observed neutrino oscillation data. 

For the sake of simplicity, we choose /3 = a to estimate the charged lepton contributions of Eq. (^) . We search the 
allowed region, where the following conditions 

1. A7ri^f„j — (3.0 ± 0.01) X lO^'^ eV'^ for atmospheric neutrino oscillations, 

2. sin^ 26q = 0.6 — 0.8 for solar neutrino oscillations, 

are satisfied. The allowed region is selected by imposing the constraints of Amg ^ 10^^ — 10^^ eV^ and sin^ "^Satm ~ 



0.9 — 1.0 for 9°^^ = 6atm + ^23 as in Eq.(|lO|). Note that, for the heavy lepton contributions alone, sin 26atm > 0.9 is 
found to yield sina < 0.16 from Eq.(^). 

The nearly maximal atmospheric neutrino mixing, sin^ 20°^^ > 0.9, is naturally realized as shown in FIG.^ with 
sina ^0.1. This is because the heavy lepton contributions provides ^771^^ ~ Sm'^ dominated by the S'2L-preserving 
contributions. Although the charged lepton contributions generate Sm^'^f^ /Sm^'^'^ ^ rrip/mr, which spoils the presence 
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of the maximal atmospheric neutrino mixing, these contributions turn out to be much suppressed as shown in FIGJ^. 
The radiative masses of Smff^ and Jm^"^ are essentially controlled by heavy lepton contributions, providing the (almost) 
maximal atmospheric neutrino mixing. 

The large solar neutrino mixing calls for the similar magnitude of the radiativcly induced neutrino masses. Namely, 
at least one of (5m(^^'^'^''^'^ is the same order of magnitude as Sm'^f-'^'^. This condition is found to be realized by the 
appearance of confined around 3—4 TeV as shown in FIG.0, where the allowed region of is examined. This 
behavior of reflects the naive expectation of m~ ~ mj; for sin a = 0. In this region, the relevant radiativcly 
induced neutrino masses are kept almost the same as shown in FIGJ^ evaluated at sin a = for demonstration. Thus, 
the large solar neutrino mixing is indeed possible to occur owing to the condition of Eq.(|) and sin^ 26'°'"' = 0.67-0.98 
corresponding to 

tan^ e°^' = 0.27 - 0.75 (58) 

are obtained because of the positive corrections by ^12 in Oq" = £,12- This region lies within the experimentally 
allowed region of tan^ 9q = 0.24 — 0.89 As shown in FIG.g, the deviations of ^'s remain suppressed to be: 
Ci2(23)/^i2(23) ^ 0.1 for sina^O.l; however, in the region of sina^O.l, these deviations become larger than 0(0.1) of 
the original mixing angles, whose magnitudes may exceed the perturbative regime, where these deviations have been 
calculated. Hereafter, we do not specify the superscript of obs. These deviations shift the mixing angles upwards. 

The charged lepton contributions present in the radiative masses of Sm'^^'^'^''^'^ give favorable effects on sin^ 26*© 
that reduce the magnitude of sin^ 29q from unity. So, we need not worry about the charged lepton contributions on 
these three masses. The effects of the charged lepton contributions in the /i-r sector arise in the magnitude of ?7e3, 
which is shown in FIG.^ Further shown in FIGJii| is the sum of the charged lepton and heavy lepton contributions 
to J7e3, which turns out to be smaller than the experimental upper bound. 



Finally, in FIG. 12 and FIG.|13|, we, respectively, show the neutrino mass eigenvalues and the squared mass differences 
Am^f„ and Atoq. These observations show that our model has the capability of explaining the observed properties 
of the atmospheric neutrino oscillations and the solar neutrino oscillations with the LMA solution of sin^ 26*0 ~ 0.8. 

These results reflect the following general property of our model. The heavy lepton interactions with the Higgs scalar 
of X conserve S2L even after x develops a VEV. Therefore, the heavy lepton contributions enhance the S'2L-conserved 
property of cr = — 1 and J7e3 = 0. The appearance of the larger values of sin a indicates that more contributions from 
charged leptons arc imported. Since charged leptons are admixtures of the S'2L-symmetric and -antisymmetric states, 
which also affect the heavy lepton states, the deviation from cr = — 1 and Uez — becomes significant. Especially, 
sin^ 29atm gets reduced. In the present case, the region for sina ^ 0.1 is excluded. The result of Uez can be explained 
by the simple estimate of Eq.(|l^). Since the tree level contributions to C/eS are negligible, C/e3 arises from the radiative 
contributions, which amount to e - 5rn^'^ - 0.005 eV (as in FIG.|). We find that t/e3(- a few x e) - 0.01 - 0.02, 
which coincides with the result of FIG.O for sin a 0.1. 



V. SUMMARY 



Summarizing our discussions, we have constructed an S'J7(3)l x U{\)n gauge model with the lepton triplets of [v^ , 
i'^, K^) for i = e,iJ,,T, where represents positively charged heavy leptons, that provides the LMA solution for the 
solar neutrino problem compatible with sin^ 26*0 ^ 0.8. The neutrino masses arise from the tree level neutrino masses 
induced by the type II seesaw mechanism based on the interactions of lepton triplets with an 5'f/(3)-sextet scalar 
and from the one-loop level masses induced by the Zee type mechanism. The almost maximal atmospheric neutrino 
mixing and the large solar neutrino mixing are naturally explained by the following mechanisms: 

1. The atmospheric neutrino mixing controlled by the tree level masses and by the radiativcly induced masses 
turns out to be almost maximal because of the presence of an S2L permutation symmetry for left-handed fi and 
r families with a Z4 discrete symmetry. The bimaximal structure is caused by almost degeneracy between Sm'jf 
and Sml'^ . This degeneracy is assured to occur as a result of our dynamics of the heavy lepton interactions 
respecting S2l- The suppressed charged lepton contributions are characterized by Sm^^'^ /Sm'^'^'^ ~ m^/nir. 

2. The large solar neutrino mixing is caused by generating the almost same contributions of the radiativcly induced 
neutrino masses, which just call for the approximate equality of ff^r = C(/e£)- 

By performing numerical calculations, we have found that our model has solutions of Am^j,„ ~ 3.0 x 10^^ eV^ with 
the nearly maximal mixing with sin^ 20^(^^0.9 for atmospheric neutrino oscillations and Attiq ~ 2.0 — 4.0 x 10^^ eV^ 
with sin^ 29q = 0.67 — 0.98, corresponding to tan^ 9q = 0.27 — 0.75, for solar neutrino oscillations. The presence of the 
charged lepton mixing angle a leads to the deviation of sin^ 29atm = 1.0 and to the appearance of the non- vanishing 
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Ue3- We have estimated sin^ Watm and C/e3 in the three cases of sin a = 0.0, 0.1, 0.2. It turns out that sin^ 26'atm ~ 0.9 
is obtained for sin a ^ 0.1 and J7e3 is kept sufficiently smaller than the experimental upper bound. 

Finally, we note again that the Yukawa interactions of the heavy leptons with x conserve S2L even after the 
spontaneous breaking. Therefore, if there are only contributions from heavy leptons, the appearance of the maximal 
atmospheric neutrino mixing is guaranteed by the direct reflection of the S'2L-conserved mass term of Veit^^i + i^r)- 
The charged-lepton interactions, which spoil the 5'2L-conservation, induce their deviations characterized by sin a 0, 
whose ranges are constrained by sin a < 0.1. Since the essence in our discussions lies in the presence of the S2L 
permutation symmetry, we hope that one of the characteristic features behind in the neutrino oscillations is the 
appearance of this symmetry. 
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Table Captions 

TABLE Q: Particle contents with Sl2, Z4, L and Lg quantum numbers for leptons and Higgs scalars, where S2L = 
+ (— ) denotes symmetric (antisymmetric) states. 

TABLE |l[ S2L, Z4, L and quantum numbers of the possible Yukawa interactions. 



TABLE [II: S2l, Z4, L and Lg quantum numbers for Higgs interaction relevant for the radiatively induced neutrino 



masses (except for rjrjs'^s'^ 



TABLE IV: Fixed model parameters, where masses are given in the unit of v^eak = (2V2Gf)"^/^ = 174 GeV and 



e stands for the electromagnetic coupling. 

Figure Captions 

FIG.^ Divergent two-loop diagram for v'^-v'i. 
FIG.|[ Charged lepton mediated one-loop diagrams. 
FIG.|[ Heavy lepton mediated one-loop diagrams. 
FIG.||: Suppressed one- and two-loop diagrams. 
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FIG.|[ Corrected atmospheric and solar neutrino mixing angles sin^ 29atm{= sin^ 20"!™) with ^23'" = ^23 + C23 for 
"atm" and similary for sin^ 26*0 (= sin^ 2911^^) for "solar". 

FIG.^ Charged and heavy lepton contributions to the radiative masses for Ve-v^ and Ve-Vr- 

FIG.0: Heavy lepton masses. 

FIG.|[ Tree level and radiatively induced neutrino masses. 
FIG.|[ Corrections of ^12,23 compared with the mixing angles of Q 

FIG.^ Same as in FIG.^ but for the radiative masses for v^-v^ and Ve-Vr measured in t/, 
FIG.^ a-dependence of 



12,23- 

'^'e3- 

e3- 



FIG.^ Neutrino mass eigenvalues. 

FIG.^ Squared mass differences for atmospheric and solar neutrino oscillations. 

Table Captions 

TABLE ffl: Particle contents with Sl2, ■^4, L and Lg quantum numbers for leptons and Higgs scalars, where S2L 
+ {--) denotes symmetric (antisymmetric) states. 

TABLE ^ S2L, Zj^, L and ig quantum numbers of the possible Yukawa interactions. 



TABLE [IL S2L, ^4, L and quantum numbers for Higgs interaction relevant for the radiatively induced neutrino 



masses (except for rjrjs'^s'^ 



TABLE [V: Various parameters used to derive neutrino mixings, where masses (v's, m's and /i's) are given in the 



unit of v-uieak — C^V^G f) = 174 GeV and e stands for the electromagnetic coupling. 

Figure Captions 

FIG.0: Divergent two-loop diagram for i'£-J^£. 
FIG.^ Charged lepton mediated one-loop diagrams. 
FIG.|[ Heavy lepton mediated one-loop diagrams. 
FIG.|[ Suppressed one- and two-loop diagrams. 

FIG.|[ Corrected atmospheric and solar neutrino mixing angles sin^ 20atmi= sin^ 20"™) with 6*23™ = ^^23 + C23 for 
"atm" and similary for sin^ 29q{= sit? 20"™) for "solar". 

FIG.^ Charged and heavy lepton contributions to the radiative masses for Ue-^^ and v^-Vt- 

FIG.0: Heavy lepton masses. 

FIG.^ Tree level and radiatively induced neutrino masses. 
FIG.|[ Corrections of ^12,23 compared with the mixing angles of 0i2.23- 
FIG.^ Same as in FIG.^ but for the radiative masses for v^-v^ and Vi^-Vr measured in [/, 
FIG.^ a-dependence of 



e3- 

e3- 



FIG.y_2f Neutrino mass eigenvalues. 

FIG.Of Squared mass differences for atmospheric and solar neutrino oscillations. 
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TABLE I: Particle contents with S2l, Zi, L and Le quantum numbers for leptons and Higgs scalars, where S2L = +(— ) denotes 
symmetric (antisymmetric) states. 
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TABLE II: S2L, Z4,, L and Le quantum numbers of the possible Yukawa interactions. 
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TABLE III: S2L, .Z4, L and Le quantum numbers for Higgs interaction relevant for the radiatve induced neutrino masses 
(except rjrjs'^s'^). 
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TABLE IV: Various parameters used to derive neutrino mixings, where masses (u's, m's and /u's) are given in the unit of 
Viueak = {2\/2Gf)~^^^ = 174 GcV and e stands for the cloctroinagiK'tic coupling. 
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FIG. 1: Divergent two- loop diagram for v\-v%. 
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FIG. 2: Charged lepton mediated one-loop diagrams. 
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FIG. 3: Heavy lepton mediated one-loop diagrams. 




FIG. 4: Suppressed one- and two-loop diagrams 
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FIG. 5: Corrected atmospheric and solar neutrino mixing angles sin 2eatm{= sin^ with 02^ = ^23+63 for "atm" and 

similary for sin^ 2eQ{= sin^ 26»I'|"') for "solar". 
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FIG. 6: Charged and heavy lepton contributions to the radiative masses for Ve-i'n and 
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FIG. 7: Heavy lepton masses. 
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FIG. 8: Tree level and radiatively induced neutrino masses. 
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FIG. 9: Corrections of ^12,23 compared with the mixing angles of ^12,23 in the unit of tt. 
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FIG. 10: Same as in FIG§ but for the radiative masses for Ve.-Vu and Ve.-VrS measured in 
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FIG. 12: Neutrino mass eigenvalues. 
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FIG. 13: Squared mass differences for atmospheric and solar neutrino oscillations. 



